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The Quantum Postulate and the Recent Development of Atomic Theory.?
By Prof. N. Bogrr, For. Mem. R.S.

IN connexion with the discussion of the physical

interpretation of the quantum theoretical
methods developed during recent years, I should
like to make the following general remarks regard-
ing the principles underlying the description of
atomic phenomena, which I hope may help to
harmonise the different views, apparently so diver-
gent, concerning this subject.

1. QuaNTUM POSTULATE AND CAUSALITY.

The quantum theory is characterised by the
acknowledgment of a fundamental limitation in
the classical physical ideas when applied to atomic
phenomena. The situation thus created is of a
peculiar nature, since our interpretation of the
experimental material rests essentially upon the
classical concepts. Notwithstanding the diffi-
culties which hence are involved in the formulation
of the quantum theory, it seems, as we shall see,
that its essence may be expressed in the so-called
quantum postulate, which attributes to any atomic
process an essential discontinuity, or rather in-
dividuality, completely foreign to the -classical
theories and symbolised by Planck’s quantum of
action.

This postulate implies a renunciation as regards
the causal space-time co-ordination of atomic pro-
cesses. Indeed, our usual description of physical
phenomena is based entirely on the idea that the
phenomena concerned may be observed without
disturbing them appreciably. This appears, for
example, clearly in the theory of relativity, which
has been so fruitful for the elucidation of the
clagsical theories. As emphasised by Einstein,
every observation or measurement ultimately rests
on the coincidence of two independent events at
the same space-time point.
ences will not be affected by any differences which
the space-time co-ordination of different observers
otherwise may exhibit. Now the quantum postu-
late implies that any observation of atomic
phenomena will involve an interaction with the
agency of observation not to be neglected. Accord-
ingly, an independent reality in the ordinary
physical sense can neither be ascribed to the
phenomena nor to the agencies of observation.
After all, the concept of observation is in so far
arbitrary as it depends upon which objects are
included in the system to be observed. Ultimately
every observation can of course be reduced to our
sense perceptions. The circumstance, however,
that in interpreting observations use has always
to be made of theoretical notions, entails that for
every particular case it is a question of convenience

* The content of this paper is essentially the same as that of a lecture
on the present state of the quantum theory delivered on Sept. 16,
1927, at the Valta celebration in Como. For a summary of the theory
just previous to the development of the new methods the reader is
referred to a lecture of the author, *“ Atomic Theory and Mechanics,”’
published in this periodical (NATURE, 116, 809 ; 1925). The rapid
development which has taken place since has given rise to a consider-
able number of publications. The present paper is confined to a

few references to recent articles which have a gpecial bearing on the
subject now under discussion.

Just these coincid-

at what point the concept of observation in-
volving the quantum postulate with its inherent
¢ irrationality * is brought in.

This situation has far-reaching consequences.
On one hand, the definition of the state of
a. physical system, as ordinarily understood,
claims the elimination of all external disturbances.
But in that case, according to the quantum
postulate, any observation will be impossible,
and, above all, the concepts of space and time
lose their immediate sense. On the other hand,
if in order to make observation possible we.per-
mit certain interactions with suitable agencies
of measurement, not belonging to the system,
an unambiguous definition of the state of the
system is naturally no longer possible, and
there can be no question of causality in the
ordinary sense of the word. The very nature of the
quantum theory thus forces us to regard the space-
time co-ordination and the claim of causality, the
union of which characterises the classical theories,
as complementary but exclusive features of the
description, symbolising the idealisation of observa-
tion and definition respectively. Just as the rela-
tivity theory has taught us that the convenience
of distinguishing sharply between space and time
rests solely on the smallness of the velocities
ordinarily met with compared to the velocity of
light, we learn from the quantum theory that the
appropriateness of our usual causal space-time
description depends entirely upon the small value
of the quantum of action as compared to the
actions involved in ordinary sense perceptions.
Indeed, in the description of atomic pheno-
mena, the quantum postulate presents us with
the task of developing a ‘ complementarity ’ theory
the consistency of which can be judged only by
weighing the possibilities of definition and obser-
vation.

This view is already clearly brought out by the
much-discussed question of the nature of light and
the ultimate constituents of matter. As regards
light, its propagation in space and time is ade-
quately expressed by the electromagnetic theory.
Especially the interference phenomena in wvacuo
and the optical properties of material media are
completely governed by the wave theory super-
position principle. Nevertheless, the conservation
of energy and momentum during the interaction
between radiation and matter, as evident in the
photoelectric and Compton effect, finds its adequate
expression just in the light quantum idea put
forward by Einstein. As is well known, the
doubts regarding the validity of the superposition
principle on one hand and of the conservation laws
on the other, which were suggested by this apparent
confradiction, have been definitely disproved
through direct experiments. This situation would
seem clearly to indicate the impossibility of a
causal space-time description of the light pheno-
mena. On one hand, in attempting to trace
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the laws of the time-spatial propagation of light
according to the quantum postulate, we are confined
to statistical considerations. On the other hand,
the fulfilment of the claim of causality for the
individual light processes, characterised by the
quantum of action, entails a renunciation as regards
the space-time description. Of course, there can
be no question of a quite independent application
of the ideas of space and time and of causality.
The two views of the nature of light are rather to
be considered as different attempts at an inter-
pretation of experimental evidence in which the
limitation of the classical concepts is expressed in
complementary ways.

The problem of the nature of the constituents of
matter presents us with an analogous situation.
The individuality of the elementary - electrical
corpuscles is forced upon us by general evidence.
Nevertheless, recent experience, above all the
discovery of the selective reflection of electrons
from metal crystals, requires the use of the
wave theory superposition principle in accordance
with the original ideas of L. de Broglie. Just
as in the case of light, we have consequently in
the question of the nature of matter, so far as we
adhere to classical concepts, to face an inevitable
dilemma, which has to be regarded as the very
expression of experimental evidence. In fact, here
again we are not dealing with contradictory but with
complementary pictures of the phenomena, which
only together offer a natural generalisation of the
classical mode of description. In the discussion
of these questions, it must be kept in mind that,
according to the view taken above, radiation
in free space as well as isolated material par-
ticles are abstractions, their properties on the
quantum theory being definable and observable
only through their interaction with other systems.
Nevertheless, these abstractions are, as we shall
see, indispensable for a description of experi-
ence in connexion with our ordinary space-time
view.

The difficulties with which a causal space-time
description is confronted in the quantum theory,
and which have been the subject of repeated
discussions, are now placed into the foreground by
the recent development of the symbolic methods.
An important contribution to the problem of a
consistent application of these methods has been
made lately by Heisenberg (Zeitschr. f. Phys.,
43, 172; 1927). In particular, he has stressed the
peculiar reciprocal uncertainty which affects all
measurements of atomic quantities. Before we
enter upon his results it will be advantageous to
show how the complementary nature of the deserip-
tion appearing in this uncertainty is unavoidable
already in an analysis of the most elementary
concepts employed in interpreting experience.

2. QUANTUM oF AcTiON AND KINEMATICS.

The fundamental contrast between the quantum
of action and the classical concepts is immediately
apparent from the simple formule which form the
common foundation of the theory of light quanta
and of the wave theory of material particles. If

Planck’s constant be denoted by %, as is well known,
Er=IA=h, R o b

where Z and I are energy and momentum re-
spectively, = and A the corresponding period of
vibration and wave-length. In these formule the
two notions of light and also of matter enter in
sharp contrast. While energy and momentum are
associated with the concept of particles, and hence
may be characterised according to the classical
point of view by definite space-time co-ordinates,
the period of vibration and wave-length refer to a
plane harmonic wave train of unlimited extent in
space and time. Only with the aid of the super-
position principle does it become possible to attain
a connexion with the ordinary mode of description.
Indeed, a limitation of the extent of the wave-
fields in space and time can always be regarded as
resulting from the interference of a group of ele-
mentary harmonic waves. As shown by de Broglie
(Thése, Paris, 1924), the translational velocity of
the individuals associated with the waves can be
represented by just the so-called group-velocity.
Let us denote a plane elementary wave by
A4 cos 2m (vt — xoy — Yo, — 20, +8),

where A and & are constants determining respect-
ively the amplitude and the phase. The quantity
v=1/r is the frequency, o, o, o, the wave numbers
in the direction of the co-ordinate axes, which may
be regarded as vector components of the wave
number o=1/A in the ‘direction of propagation.
While the wave or phase velocity is given by v/o,
the group - velocity is defined by dv/de. Now

according to the relativity theory we have for a
particle with the velocity v :

I=5F and vdl =dE,
where ¢ denotes the velocity of light. Hence by

equation (1) the phase velocity is ¢2/v and the group-
velocity v. The circumstance that the former is
in general greater than the velocity of light empha-
sises the symbolic character of these considerations.
At the same time, the possibility of identifying
the velocity of the particle with the group-velocity
indicates the field of application of space-time
pictures in the quantum theory. Here the com-
plementary character of the description appears,
since the use of wave-groups is necessarily accom-
panied by a lack of sharpness in the definition of
period and wave-length, and hence also in the defini-
tion of the corresponding energy and momentum
as given by relation (1).

Rigorously speaking, a limited wave-field can
only be obtained by the superposition of a manifold
of elementary waves corresponding to all values
of v and oy, 0y, ;. But the order of magnitude of
the mean difference between these values for two
elementary waves in the group is given in the most
favourable case by the condition

AMAy = AzAo, =AyAcy, =AzA0, =1,
where At, Az, Ay, Az denote the extension of the

wave-field in time and in the directions of space
corresponding to the co-ordinate axes. These
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relations—well known from the theory of optical
instruments, especially from Rayleigh’s investiga-
tion of the resolving power of spectral apparatus
—express the condition that the wave-traing
extinguish each other by interference at the
space-time boundary of the wave-field. They
may be regarded also as signifying that the group
as a whole has no phase in the same sense as the
e}llementa,ry waves. From equation (1) we find
thus:

AAE =AzALL = AyAL = NzAL,=h . (2)
as determining the highest possible accuracy in
the definition of the energy and momentum of the
individuals associated with the wave-field. In
general, the conditions for attributing an energy
and a momentum value to a wave-field by means
of formula (1) are much less favourable. Even
if the composition of the wave-group corresponds
in the beginning to the relations (2), it will in the
course of time be subject to such changes that it
becomes less and less suitable for representing an
individual. It is this very circumstance which
gives rise to the paradoxical character of the
problem of the nature of light and of material
particles. The limitation in the classical concepts
expressed through relation (2) is, besides, closely
connected with the limited validity of classical
mechanics, which in the wave theory of matter
corresponds to the geometrical optics, in which
the propagation of waves is depicted through
‘rays.’” Only in this limit can energy and mo-
mentum be unambiguously defined on the basis
of space-time pictures. For a general definition
of these concepts we are confined to the conserva-
tion laws, the rational formulation of which has
been a fundamental problem for the symbolical
methods to be mentioned below.

In the language of the relativity theory, the
content of the relations (2) may be summarised in
the statement that according to the quantum
theory a general reciprocal relation exists between
the maximum sharpness of definition of the space-
time and energy-momentum vectors associated
with the individuals. This circumstance may be
regarded as a simple symbolical expression for the
complementary nature of the space-time descrip-
tion and the claims of causality. At the same time,
however, the general character of this relation
makes it possible to a certain extent to reconcile
the conservation laws with the space-time co-
ordination of observations, the idea of a coincidence
of well-defined events in a space-time point being
replaced by that of unsharply defined individuals
within finite space-time regions.

This circumstance permits us to avoid the
well-known paradoxes which are encountered in
attempting to describe the scattering of radia-
tion by free electrical particles as well as the
collision of two such particles. According to
the classical concepts, the deseription of the
scattering requires a finite extent of the radia-
tion in space and time, while in the change
of the motion of the electron demanded by the
quantum postulate one seemingly is dealing with
an instantaneous effect taking place at a definite

point in space. Just as in the case of radiation,
however, it is impossible to define momentum and
energy for an electron without considering a finite
space-time region. Furthermore, an application
of the conservation laws to the process implies
that the accuracy of definition of the energy
momentum vector is-the same for the radiation
and the electron. In consequence, according to
relation (2), the associated space-time regions can
be given the same size for both individuals in
interaction. .

A similar remark applies to the collision between
two material particles, although the significance of
the quantum postulate for this phenomenon was
disregarded before the necessity of the wave concept
was realised. Here this postulate does indeed
represent the idea of the individuality of the
particles which, transcending the space-time de-
scription, meets the claim of causality. While the
physical content of the light quantum idea is
wholly connected with the conservation theorems for
energy and momentum, in the case of the electrical
particles the electric charge has to be taken into
account in this connexion. It is scarcely necessary
to mention that for a more detailed description
of the interaction between .individuals we cannot
restrict ourselves to the facts expressed by for-
mule (1) and (2), but must resort to a procedure
which allows us to take into account the coupling
of the individuals, characterising the interaction
in question, where just the importance of the
electric charge appears. As we shall see, such a
procedure necessitates a further departure from
visualisation in the usual sense.

3. MEASUREMENTS IN THE QUANTUM THEORY.

In his investigations already mentioned on the
consistency of the quantum theoretical methods,
Heisenberg has given the relation (2) as an ex-
pression for the maximum precision with which
the space-time co-ordinates and momentum-
energy components of a particle can be measured
simultaneously. His view was based on the
following consideration: On one hand, the co-
ordinates of a particle can be measured with any
desired degree of accuracy by using, for example,
an optical instrument, provided radiation of
sufficiently short wave-length is used for illumina-
tion. According to the quantum theory, however,
the scattering of radiation from the object is always
connected with a finite change in momentum,
which is the larger the smaller the wave-length of
the radiation used. The momentum of a particle,
on the other hand, can be determined with any
desired degree of accuracy by measuring, for
example, the Doppler effect of the scattered radia-
tion, provided the wave-length of the radiation
is so large that the effect of recoil can be neglected,
but then the determination of the space co-ordinates
of the particle becomes correspondingly less
accurate.

The essence of this consideration is the in-
evitability of the quantum postulate in the estima-
tion of the possibilities of measurement. A closer
investigation of the possibilities of definition would
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still seem necessary in order to bring out the general
complementary character of the description. In-
deed, a discontinuous change of energy and mo-
mentum during observation could not prevent us
from ascribing accurate values to the space-time
co-ordinates, as well as to the momentum-energy
components before and after the process. The
reciprocal uncertainty which always affects the
values of these quantities is, as will be clear from
the preceding analysis, essentially an outcome of
the limited accuracy with which changes in energy
and momentum can be defined, when the wave-
fields used for the determination of the space-time
co-ordinates of the particle are sufficiently small.

In using an optical instrument for determina-
tions of position, it is necessary to remember that
the formation of the image always requires a
convergent beam of light. Denoting by A the
wave-length of the radiation used, and by e the
so-called numerical aperture, that is, the sine of
half the angle of convergence, the resolving power
of a microscope is given by the well-known expres-
gion Aj2c. KEven if the object is illuminated by
parallel light, so that the momentum AfA of the
incident light quantum is known both as regards
magnitude and direction, the finite value of the
aperture will prevent an exact knowledge of the
recoil accompanying the scattering. Also, even if
the momentum of the particle were accurately
known before the scattering process, our know-
ledge of the component of momentum parallel to
the focal plane after the observation would be
affected by an uncertainty amounting to 2eh/A.
The product of the least inaccuracies with which
the positional co-ordinate and the component of
momentum in a definite direction can be ascer-
tained is therefore just given by formula (2). One
might perhaps expect that in estimating the accu-
racy of determining the position, not only the
convergence but also the length of the wave-train
has to be taken into account, because the particle
could change its place during the finite time of
illumination. Due to the fact, however, that the
exact knowledge of the wave-length is immaterial
for the above estimate, it will be realised that for
any value of the aperture the wave-train can
always be taken so short that a change of position
of the particle during the time of observation may
be neglected in comparison to the lack of sharpness
inherent in the determination of position due to
the finite resolving power of the microscope.

In measuring momentum with the aid of the
Doppler effect—with due regard to the Compton
effect—one will employ a parallel wave-train. For
the accuracy, however, with which the change in
wave-length of the scattered radiation can be
measured the extent of the wave-train in the
direction of propagation is essential. If we assume
that the directions of the incident and scattered
radiation are parallel and opposite respectively to
the direction of the position co-ordinate and
momentum component to be measured, then
cA/2] can be taken as a measure of the accuracy
in the determination of the velocity, where [
denotes the length of the wave-train. For sim-

plicity, we here have regarded the velocity of light
as large compared to the velocity of the particle.
If m represents the mass of the particle, then the
uncertainty attached to the value of the momentum
after observation is cmA[2l. In this case the
magnitude of the recoil, 2h/A, is sufficiently well
defined in order not to give rise to an appreciable
uncertainty in the value of the momentum of the
particle after observation. Indeed, the general
theory of the Compton effect allows us to compute
the momentum components in the direction of the
radiation before and after the recoil from the wave-
lengths of the incident and scattered radiation.
Even if the positional co-ordinates of the par-
ticle were accurately known in the beginning, our
knowledge of the position after observation never-
theless will be affected by an uncertainty. Indeed,
on account of the impossibility of attributing a
definite instant to the recoil, we know the mean
velocity in the direction of observation during the
scattering process only with an accuracy 2k/mA.
The uncertainty in the position after observation
hence is 2hl/mcA. Here, too, the product of the
inaccuracies in the measurement of position and
momentum is thus given by the general formula (2).
Just as in the case of the determination of
position, the time of the process of observation
for the determination of momentum may be
made as short as is desired if only the wave-
length of the radiation used is sufficiently small.
The fact that the recoil then gets larger does
not, as we have seen, affect the accuracy of
measurement. It should further be mentioned,
that in referring to the velocity of a particle as we
have here done repeatedly, the purpose has only
been to obtain a connexion with the ordinary
space-time description convenient in this case. As
it appears already from the considerations of de
Broglie mentioned above, the concept of velocity
must always in the quantum theory be handled
with caution. It will also be seen that an un-
ambiguous definition of this concept is excluded
by the quantum postulate. This is particularly
to be remembered when comparing the results of
successive observations. Indeed, the position of
an individual at two given moments can be
measured with any desired degree of accuracy ;
but if, from such measurements, we would cal-
culate the velocity of the individual in the ordinary
way, it must be clearly realised that we are dealing
with an abstraction, from which no unambiguous
information concerning the previous or future
behaviour of the individual can be obtained.
According to the above considerations regarding
the possibilities of definition of the properties of
individuals, it will obviously make no difference
in the discussion of the accuracy of measurements
of position and momentum of a particle if collisions
with other material particles are considered instead
of scattering of radiation. In both cases we see
that the uncertainty in question equally affects
the description of the agency of measurement and
of the object. In fact, this uncertainty cannot
be avoided in a description of the behaviour of
individuals with respect to a co-ordinate system
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